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1 Proof of Submodularity of Entropy Rate

Recall our definition of H(S):

H(S) = _Z“iZpi,j(s)lag(pi,j(s)) (1

where u; is the stationary probability of v; in the stationary distribution and p; ;(S) is the transition
probability from v; to v; with respectto S. T

Proof. We prove the submodularity by showing

H(S U {a1}) — H(S) > H(S U {ar, as}) — H(S U {as}). 2)

It is known that the transition probability with respect to S is given as follows:
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where w; = ) ... _pWim; is the sum of incident weights of the vertex v; and w;; =

w; — Y ;4 Wi, L is the index of the combination of pairwise classes (¢, j) in &. Without loss
of generality, we assume that after the addition of attribute a,, into S, the transition probability
becomes

pij(SU{ar}) = { wii S At : )

For simplicity of notation, we let p; j(S) = p; j and p; (S U{a,}) = p; j + A}';,n = 1,2, where
A7; is symmetrici.e. A, = A7, We note that A}, ,; > Oand A7, = =3 ., A, < 0.
A7, = 0 means that the addition of a,, doesn’t increase the edge weight e; ; while A, > 0 means

that the addition of a,, increase w; ;. Similarly, we let p; j(S U {a1,a2}) = pij + A}, + A7 ;.
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Now we prove the first two terms and the las term are larger than zeros respectively.
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by the definition of transition probability Zj (pij+A; ;) = Zj pi; = 1 and the Log-sum inequality
stated as follows.

Proposition 1.1. (Log-sum inequality) For non-negative numbers a1, as, ..., G, and by, ba, ..., by,

> aidog > (3 ar) log 2=t (15)
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with equality if and only lf & = constant.
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1.1 Submodularity
Proof. We prove the submodularity by showing
H(SU{a1}) — H(S) > H(SU{a1,a2}) — H(S U{az}). (20)



Similarly, for simplicity of notation, we let p; ;(S U {a1}) = pi; + A} ; and p; j(S U {a1,a2}) =
Pij + A;j + A?ﬁj.

H(S U{ar}) = H(S) —H(SU{ar,a2}) + 7%(5 U{az}) 21
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by the definition of the transition probability

Zpi,j = Z(pi,j +A}) = Z(pi,j +AL+AT) =1 (38)
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2 Proof of Proposition 2

The proof contains two parts. The first part proves Q(S) is monotonically increasing. In the second
part, we show that Q(S) is submodular.

2.1 Proof of the monotonically increasing property

Proof. Let S be a subset of attributes and a; € P be any attribute. We prove the monotonically
increasing property

Q(SU{a1}) — Q(S) > 0. (39)
QS U{ar}) — Q(S) = ulze; e Adp— ulze:u max Aau (40)
= u%[max(glgg Aat, Avy) = max Ag] > 0 (41)

2.2 Proof of the submodularity

Proof. We prove the submodularity by showing

(S U{a1}) — Q(S) > Q(SU{ay,az2}) — Q(S U {az}). (42)

Q(SU{ar}) — Q(S) > Q(SU{ar,az}) — Q(S U {az}) (43)
= u%[maX(r;lgg Agi, Avg) — max Agg — maX(I;lgg Agi, Avyg, Asyg) + maX(rggg Agyi, Azl
(44)

Depending on which term from the three terms maxges Aq,, A1, and Ay is largest, we consider
three cases and prove that

Q; = max(max Ag, A1) — max Ag; — max(max Ag;, A1, Ao ) + max(max Ag g, Asy) >0
desS ’ ’ des ’ des ’ ' ’ des ’ ’

(45)
for given u; € U.

Case 1: Assume that maxges Aq, is the largest, i.e. maxges Aq; > A1, maxges Aa; > Az,
then

=maxAy; —maxAy; —maxAgz; +maxAg; = 0. 46
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Case 2: Assume that A, ; is the largest, i.e. A1; > maxges Aa, A1, > maxges, then

Ql 1,0 d,l 1,1 d,l ( )
max(max di,A2) —max Ag 48)

Case 3: Assume that A, ; is the largest, i.e. Az ; > maxges Aq,1, A2,; > maxges, then

= max(max A A — max A - A + A 49
Ql I ( 3 d,ls l,l) I S d,l 2,1 2,1 ( )
= max(max Ad A — max Ad > 0 50
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